Abstract: The performances of the decode-and-forward (DF) multihop free-space optical communication system with exponentiated Weibull distribution considering the fading induced by pointing error have been studied. With Meijer's G-function, the probability density function (PDF) of the aggregated channel model and the closed-form expression for the average bit error rate (ABER) of binary pulse position modulation are derived. The average bit-error-rate performance is then investigated with different hop numbers H, turbulence strength values, receiver aperture sizes, beamwidths, and jitter variances. Compared with the case without pointing error, the mitigation effect of aperture averaging for fading is more significant over the aggregated channel, regardless of the selected H, and it is less effective for the degradation induced by the increase in H, which can be restrained by larger beamwidth and lower jitter. The outage probability is also investigated, and the results show that aperture averaging has less of an effect on the outage probability under moderate turbulence than that under the weak turbulence condition at a given value of H, which is different from the scenario without pointing error. After this, the end-to-end average capacity is analyzed. Monte Carlo simulation is provided to confirm the validity of the proposed ABER expression.
Introduction
Free space optical (FSO) communication, as a solution for the "last mile" problem to bridge the bandwidth gap between the end users and the fiber optic networks, has attracted significant Here, F ðÁÞ denotes the cumulative distribution function (CDF). Substituting (9) into (7), the PDF of h i is given by f h i ðh i Þ ¼ 
By applying the Newton's generalized binomial theorem ð1 þ zÞ s ¼ P 1 m¼0 ðÀðs þ 1Þ=m!Àðs À m þ 1ÞÞz m to expand the last term in (5) and inserting it in (10), the PDF of h i can be obtained as
m Àð i Þ m!Àð i À mÞð1 þ mÞ
where Àða; zÞ is the upper incomplete Gamma function. Although (11) is given in terms of an infinite summation, it is a fast convergent series. 
By using (11) and (12) , the PDF of h i can be expressed as
m Àð i Þ m!Àð i À mÞð1 þ mÞ 
Then, by applying [41, Eq.(26) ], the CDF of h i gives 
Average BER Analysis
In this section, the end-to-end average BER from the source node to the destination node for serial relay-aided FSO communication system with and without pointing error are compared and analyzed. Let PðiÞ be the ABER of the ith hop, and P i be the ABER from source (node 0) to the node i. Since the channels of successive hops are independent, the ABER P i can be calculated as
The initial condition for (15) is given by P 0 ¼ 0. Then, the ABER from source to the destination can be given by [42] 
Negligible Pointing Error
For a FSO system over a turbulence channel, the average bit error rate PðiÞ for ith hop can be calculated by the conditional error rate P ejh a i , which is written as
Since the CDF of h a i has a more compact form than that of the PDF, (17) can be simplified with the help of the CDF of the variable h a i and the method of integration by parts, yielding
where with respect to h a i . For BPPM modulation, the conditional BER over an AWGN channel can be obtained as
where erfcðÁÞ is the complementary error function. According to [34] , the first order derivative of the conditional BER P 0 ejh a i can be achieved as
Then, substituting (6) and (20) into (18), the average BER for the ith hop PðiÞ can be written as
Making the change of variable
2 n from (21), we get
Using the generalized Gauss-Laguerre quadrature function [34] , (22) can be further expressed by a truncated series as
Since the average electrical SNR is
2 n , (23) can be simplified as
Here, x k is the k th root of the generalized Laguerre polynomial L ðÀ1=2Þ t ðx Þ, and the weight W k can be calculated by [34] 
Substituting (23) into (16) , the closed form end-to-end ABER expression without pointing error is obtained as 
Non-Negligible Pointing Error
As known, the receiver irradiance can be expressed as h i ¼ h a i h p i with the pointing error taken into account. In this case, the average error rate PðiÞ for ith hop over this aggregated channel is given by
The conditional BER over an AWGN channel is written as
As known, the function erfcðÁÞ can be expressed 
By using (29) into (28) , the conditional BER of h i is given by
Substituting (13) and (30) into (27) , the ABER for the ith hop can be further written as
According to [43, Eq. (2.24.1.1)], a closed-form ABER expression for the ith hop with the aggregated fading channel can be simplified as
; Áðk i ; 1Þ
Here, Áðk ; aÞ is defined as Áðk ; aÞ ¼ a=k ; ða þ 1Þ=k ; Á Á Á ; ða þ k À 1Þ=k and the average SNR
n . l and k are the integer numbers that satisfy l=k ¼ i =2. Substituting (32) into (16) , the closed form end-to-end ABER expression is obtained as
; Áðk i ; 1Þ 
Outage Probability Analysis
The outage probability is defined as the probability that the instantaneous SNR is lower than a specified threshold [34] . In a DF multi-hop FSO communication system, the outage performance of the system depends on the outage probability of each hop. Hence, the outage probability is given by
Substituting (6) into (34), the analytical outage probability of this system without pointing error can be achieved as
Then, substituting (14) to (34), the analytical outage probability with pointing error can be achieved as
where n ¼ i = th is the normalized electrical SNR defined in [22] .
Average Capacity Analysis
For the DF based multihop FSO system, the equivalent instantaneous SNR at the destination can be written as
The CDF of equ , F equ ðÞ can be given as
where i ði ¼ 1; 2; . . . ; H) is the instantaneous electrical SNR of the ith hop. Thus, the CDF of equ can be written as
where F i ðÞ is the CDF of instantaneous SNR for each hop. Taking the derivative of (39) with respect to , the PDF of equ , f equ ðÞ can be obtained as follows:
where f i ðÞ is the PDF of instantaneous SNR for each hop. Then, the average channel capacity of the considered DF based multihop FSO system is given by [44] C ave ¼ 1 lnð2Þ
Capacity Analysis Under Negligible Pointing Errors
Since the instantaneous electrical SNR at the receiver in the ith hop is defined as
given by (2), Based on (5), the PDF of i can be given as
Then, the CDF of i can be expressed as
By substituting (42) and (43) into (40), the PDF of equ is achieved as
Then, substituting (44) into (41), the average channel capacity can be expressed as C ave ¼ 1 lnð2Þ
Using the generalized Gauss-Laguerre quadrature function, (45) can be further expressed by a truncated series as
Here, p is the pth root of the generalized Laguerre polynomial L ðÀ1=2Þ q ðÞ, and the weight A p can be calculated by [34] 
Capacity Analysis Under Non-Negligible Pointing Errors
According to (13) , the PDF and CDF of instantaneous electrical SNR in the ith hop are given as
By substituting (48) and (49) into (40), the PDF of equ is achieved as
Then, substituting (50) into (41), the average channel capacity with pointing error is obtained as 
and this equation can be numerically calculated by Romberg integration method.
Analytical and Simulation Results
In this section, the theoretical results of end-to-end ABER, outage probability, and the average capacity of multi-hop DF relaying FSO system with and without pointing errors have been achieved from (33), (36) , and (51), as well as (26), (35), (46), respectively. The inverse transform method is used in Monte Carlo (MC) simulation to generate random values from EW turbulence and pointing error. In computing the generalized Gauss-Laguerre approximations, t is chosen to be 30 and for the infinite summation in (33) and (36), about 30 terms of m are needed for the series to converge. Besides, the number of hops H ¼ 1; 5 in (26), (33), (35), (36), (46), and (51) is considered in order to avoid entanglement. Without loss of generality, the equal distance in each link and equal average SNR at each node is also assumed. Details of the system parameters adopted in all simulations are summarized in Table 1 . Fig. 2 shows the average BER of single hop ðH ¼ 1Þ and five hops ðH ¼ 5Þ with turbulence only for two aperture sizes of 200 mm, 100 mm. Under weak, moderate and strong turbulence conditions, the corresponding Rytov variance 2 R equals to 0.32, 2.22, and 15.97, respectively. It is seen from the figure that the analytical results have excellent agreements with the corresponding MC simulation results, which confirms the accuracy of our model. It is also seen that the ABER of this system increases with the increase of the strength of atmosphere turbulence or the decrease of the aperture size, which have been confirmed in the FSO PP link over EW turbulence channel [34] . For example, in Fig. 2(b) , when the SNR equals 10 dB, the ABER of H ¼ 5 is about 0:2 Â 10 À3 in weak turbulence while it is about 0:4 Â 10 À1 in strong turbulence for D ¼ 100 mm. As the aperture size increases from 100 mm to 200 mm under strong turbulence condition, the ABER of H ¼ 5 decreases from 0:4Â10 À1 to 0:8Â10 À2 for the SNR of 10 dB, as can be found in Fig. 2(a) . Besides, the ABER values increase with the increasing hops for different apertures over EW fading channels. But this effect can be restrained by the aperture averaging [38] . For example, in weak turbulence regime, at the given ABER of 10 À5 , the SNR difference of H ¼ 1 and H ¼ 5 is about 1 dB with a receiver of 100 mm aperture, but 0.75 dB for the aperture size of 200 mm. For strong turbulence, to achieve the ABER of 10 À5 , the SNR difference of H ¼ 1 and H ¼ 5 is about 3 dB with a receiver of 100 mm aperture, but 2 dB when the aperture size of 200 mm is used.
The end-to-end average BER of H ¼ 1 and H ¼ 5 based on the combined fading channels with pointing error against the SNR is shown in Fig. 3 . The pointing error jitter s and beamwidth W L are 30 cm and 2 m, respectively. It is seen that the analytical results match very well with the MC simulations, which verifies the validity of the proposed model. For the two aperture sizes, the ABER values increase with the increasing hop number H. For example, for 200 mm receiver aperture, under weak turbulence condition, when the SNR is equal to 60 dB, the ABER of H ¼ 1 is about 9 Â 10 À7 , while it is about 4:5 Â 10 À6 for H ¼ 5. For 100 mm aperture, under Fig. 2 , it can be found that the system performance is seriously degraded by the effect of pointing error. Besides, it can be observed that the influence of aperture averaging on end-to-end ABER at a given value of H in the presence of pointing error is stronger than that without misalignment. For example, in strong turbulence, compared with the aperture receiver ðD ¼ 100 mmÞ, the receiver ðD ¼ 200 mmÞ offers a performance gain of about 18 dB with H ¼ 1 in terms of the SNR to reach the average BER of 10 À5 , which is larger than that of the turbulence only condition (about 9 dB performance gain). This shows that aperture averaging is very effective to restrain the variances of the power and intensity induced by the turbulence and pointing error together. In addition, it is found from the figure that aperture averaging can also mitigate the degradation due to the increase of hops ðHÞ, but the system performance improvement is not very obvious compared with that without misalignment in Fig. 2 . For example, in Fig. 3 , to achieve the ABER of 10 À5 , under the weak turbulence condition, the SNR differences between H ¼ 1 and H ¼ 5 are only approximate 1.4 dB and 1.5 dB for the aperture sizes of 200 mm and 100 mm, respectively, and for strong turbulence, to achieve the ABER of 10 À5 , the SNR differences between H ¼ 1 and H ¼ 5 are also Fig. 3 that the atmosphere turbulence has almost no influence on the degradation induced by the increased hops with pointing error considered, which is different from the condition with turbulence only. For instance, to achieve the average BER of 10 À5 , for D ¼ 200 mm, the SNR differences between H ¼ 1 and H ¼ 5 in weak and strong turbulence are both about 1.4 dB, while the SNR differences are 0.75 dB and 2 dB respectively for the condition with turbulence only.
The end-to-end ABER of the multi-hop FSO communication under weak and moderate turbulences with different beamwidth (W L ¼ 1:5 m and W L ¼ 1 m) and fixed jitter ð s ¼ 30 cmÞ against average SNR is illustrated in Fig. 4 . It can be found that for lower SNR, the end-to-end ABER at a given value of H is better with a narrow beam width and when the SNR continues to increase, the phenomenon is opposite. This is because for a lower value of SNR, the ABER performance is mainly limited by the transmitted power. A narrow beam width can enhance the collected optical power better than the wide beamwidth can. Thus, the former shows a better ABER performance. With the increase of the SNR, the ABER performance is mainly limited by the pointing error. However, the wide beamwidth performs better than the narrow beamwidth Fig. 3 . End-to-end ABER of multi-hop relaying with turbulence and pointing error for aperture sizes of (a)
does with misalignment considered [39] . Thus, the wide beamwidth shows a better ABER performance. For instance, in Fig. 4(b) , under the moderate turbulence condition with SNR equal to 40 dB, when the beamwidth decreases from 1.5 m to 1 m, the ABER of H ¼ 1 decreases from 1:9 Â 10 À1 to 0:5 Â 10 À1 . However, when the SNR equals 60 dB, the ABER of H ¼ 1 increases from 2:5 Â 10 À6 to 7 Â 10 À5 . It can be further seen from Fig. 4 that the degradation of ABER with the increased hops can be mitigated by widening the beamwidth. For example, under moderate turbulence condition, for the aperture size of 200 mm, to achieve the average BER of 10 À5 , the SNR differences of H ¼ 1 and H ¼ 5 are about 2. is also seen that the degradation of the system performance by the increasing hops can be mitigated with lower jitter. For example, for D ¼ 200 mm, to achieve the average BER of 10 À5 , increasing H from 1 to 5 can result in the SNR penalty of about 4 dB and 7 dB for s ¼ 40 cm and s ¼ 50 cm under weak turbulence, respectively. Fig. 6 shows the outage probability of the multi-hop FSO system (W L ¼ 2 m, s ¼ 30 cm) with H ¼ 1 at different SNRs. Two aperture sizes, D ¼ 200 mm and D ¼ 100 mm, have been considered for both weak and moderate turbulence conditions. It can be seen that compared with the case without considering pointing error, to achieve the same outage probability, a higher SNR value is required under the same turbulence condition with misalignment for D ¼ 200 mm and D ¼ 100 mm. For example, in weak turbulence regime, to achieve the outage probability of 10 À10 , about 64 dB of SNR is needed for the receiver ðD ¼ 200 mmÞ with H ¼ 1 while only 10 dB is needed with turbulence only. Additionally, it can be found that in the presence of pointing errors, aperture averaging has less effects on outage probability under moderate turbulence condition with respect to weak turbulence condition, and it is different from that observed in absence of pointing error shown in Fig. 6(a) error have been given in Fig. 7 . Two aperture sizes of D ¼ 200 mm and D ¼ 100 mm have been considered. It can be further found from this figure that the outage probability decreases with the increase of aperture size regardless of the selected hops of the system with and without pointing error. For example, in Fig. 7(a) , when the SNR equals to 5 dB and the aperture size increases from 100 mm to 200 mm, the outage probability of H ¼ 1 decreases from 0:8 Â 10 À3 to 10 À5 , and that of H ¼ 5 decreases from 0:7 Â 10 À2 to 0:2 Â 10 À3 . In Fig. 7(b) , when the SNR equals to 60 dB and the aperture size increases from 100 mm to 200 mm, the outage probability of H ¼ 1 decreases from 0.8 to 0:6 Â 10 À7 , and that of H ¼ 5 decreases from 0.9 to 10 À7 . In addition, when the aperture size is fixed, the outage probability increases with the increasing hops. For instance, in Fig. 7(a) , to achieve the outage probability of 10 À10 , about 15 dB and 16.5 dB are needed for H ¼ 1 and H ¼ 5 respectively with 100 mm receiver aperture and about 10 dB and 10.8 dB are needed for H ¼ 1 and H ¼ 5 with 200 mm receiver aperture. In Fig. 7(b) , to achieve the outage probability of 10 À10 , about 77.5 dB and 78.9 dB are needed for H ¼ 1 and H ¼ 5, respectively, with 100 mm receiver aperture, about 64 dB and 65.3 dB are required for H ¼ 1 and H ¼ 5 with 200 mm receiver aperture. Thus, aperture averaging can mitigate the outage performance degradation caused by the increasing hops for the multi-hop FSO system over EW Fig. 6 . Outage probability versus SNR for multi-hop FSO system under weak and moderate with H ¼ 1 in fading channels (a) without pointing error and (b) with pointing error. fading channels [38] , but its influence is not obvious over the aggregated fading channels with pointing error.
Under moderate turbulence condition, the average capacity for H ¼ 1 and H ¼ 5 over EW fading channels (W L ¼ 2 m, s ¼ 30 cm) with pointing error considered has been shown in Fig. 8 . It can be found that the average capacity increases with the increase of aperture sizes regardless of the selected hop number H with and without pointing error considered. In addition, when the aperture size is fixed, the average capacity degrades as H increases.
Conclusion
In this paper, the performance of multi-hop DF-based FSO communication system over an aggregated fading model considering EW distribution and pointing error has been studied. The PDF and CDF of the aggregated channel gain have been obtained and the closed-form expressions of the end-to-end ABER and outage probability with BPPM modulation are then derived for this studied FSO system in terms of Meijer's G-function. Combined with MC simulations, the ABER, outage and average capacity performances of this system are further investigated and compared with the case without considering pointing error. The studies show that the mitigation effect of aperture averaging is more significant on the ABER and outage performance over the aggregated channel with the pointing error considered regardless of the selected H. However, this effect is less notable for restraining the performance deterioration caused by the increase of hop numbers. In addition, aperture averaging has less influence on the outage probability under moderate turbulence than that of weak turbulence condition, regardless of the selected H. This work is applicable for the system design of multi-hop FSO system.
